Extended Abstract

Motivation Online RL fine-tuning can improve small-model reasoning when answers are auto-
matically verifiable, but it often allocates compute uniformly. During training, uniform prompt
sampling can spend updates on prompts that are already solved or too difficult to provide reward
contrast. During inference, Best-of-N sampling carries every candidate to completion, even when
some trajectories appear unlikely to succeed. We ask whether a single success-probability signal can
allocate compute more efficiently in both phases on Countdown with Qwen2.5-0.5B.

Method We study two uses of this signal, evaluated independently. First, Frontier-Curriculum
RLOO keeps the RLOO objective fixed and changes only the prompt sampling distribution. It
identifies frontier prompts whose K rollouts contain both correct and incorrect completions, then
replays structurally similar prompts so that training batches contain more within-prompt reward
contrast. Second, ZIP-RC-Lite adapts ZIP-RC [14] as a frozen-backbone inference signal. A small
reserved-logit head predicts final reward and remaining length from unused vocabulary logits in the
same forward pass as next-token prediction, enabling adaptive pruning or early stopping without an
additional model call.

Implementation For Frontier-Curriculum RLOO, we use a bounded frontier memory, task-specific
numeric prompt embeddings, duplicate filtering, and a replay ratio of p = 0.10, while leaving
the verifier reward, optimizer, KL penalty, entropy bonus, SFT initialization, and RLOO update
unchanged. For ZIP-RC-Lite, we freeze the Qwen2.5-0.5B backbone and train only a 14-21-logit
reserved output head. Because Qwen2.5-0.5B ties input and output embeddings, we untie and clone
the output head before training to preserve generation behavior.

Results In a single-run 128-sample Countdown evaluation, Frontier-Curriculum RLOO improves
average verifier score from 0.46 to 0.52 and pass@1 from 0.41 to 0.49 over vanilla RLOO, while
pass@128 remains at 0.82. This indicates improved low-sample efficiency rather than a higher
large-sample pass rate. ZIP-RC-Lite is well calibrated on held-out trajectories, with AUC 0.922
and K=64 total variation 0.52, lower than the reported ZIP-RC-Lite baseline of 0.63 under the
comparison protocol used here. In live adaptive decoding over 3 seeds, pruning reduces active
forward passes by approximately 63%, while early stopping reduces latency by approximately 48%,
both at near-baseline accuracy. A more conservative held-out blend of adaptive- K and pruning gives
a 20%—25% compute saving at neutral accuracy.

Discussion The Frontier-Curriculum result matches the RLOO estimator: mixed-outcome prompts
produce positive and negative leave-one-out advantages in the same rollout group, while all-correct
or all-failed prompts provide little contrast. Additional experiments and ablations include
failure-based retrieval, replay-ratio sweeps, Goldilocks frontier selection, taxonomy-weighted replay,
Teacher-SFT, the structured three-outcome ZIP-RC-Lite verifier, standalone adaptive-K, and the
adaptive- K +pruning blend. These studies support the main interpretation: frontier replay is more
useful than replaying only hard failures, and ZIP-RC-Lite is best understood as adaptive compute
allocation rather than improved answer selection. The main limitations are the single training seed
for Frontier-Curriculum RLOO, task-specific retrieval features, small ZIP-RC-Lite held-out pools,
and Countdown’s narrow difficulty range.

Conclusion A single success signal can improve efficiency in both phases of verifiable reasoning.
Frontier-Curriculum RLOO uses it to focus training on prompts near the model’s current learning
boundary, while ZIP-RC-Lite uses it to reduce inference compute or latency without extra forward
passes. Together, these results suggest a path toward a unified controller for training-time prompt
selection and inference-time compute allocation.
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Abstract

Online RL can improve language-model reasoning, but uniform prompt sampling
can waste updates on prompts that are already solved or too hard to provide useful
learning signal. We study RLOO fine-tuning of Qwen2.5-0.5B on Countdown
and introduce Frontier-Curriculum RLOO. The method keeps the RLOO update
unchanged while replaying prompts where the model sometimes succeeds and
sometimes fails. These prompts give stronger leave-one-out reward contrast than
prompts that are always solved or always missed. In 128-sample evaluation,
Frontier-Curriculum RLOO improves average verifier score from 0.46 to 0.52 and
pass@1 from 0.41 to 0.49 over vanilla RLOO. We then study adaptive test-time
compute with ZIP-RC-Lite, a frozen-backbone success predictor that reads a small
set of unused vocabulary logits without extra model forward passes. Its value
estimate is well-calibrated on held-out trajectories (AUC 0.92), and a live decoder
that uses this signal cuts roughly 63% of compute through pruning or roughly 48%
of latency through early stopping, both at near-baseline accuracy. We frame these
results as evidence that success estimates are useful for compute allocation, while
noting that Frontier-Curriculum RLOO should be validated with additional seeds.

1 Introduction

Online reinforcement learning is especially useful when model outputs can be scored with verifiable
feedback. We study Countdown, an arithmetic reasoning task in which a model must construct
an expression that reaches a target number using a fixed set of allowed numbers [15]. Although
answers are easy to check, the task remains challenging for small language models because it requires
arithmetic search and constraint following. This setting connects to verifier-guided mathematical
reasoning, where sampled candidate solutions can be checked after generation (6} [12]].

We focus on RLOO fine-tuning [1]. For each prompt , RLOO samples K completions and compares
their verifier rewards using a leave-one-out baseline. Thus, prompt choice matters because prompts
where all completions succeed or all completions fail provide little reward contrast, while mixed-
outcome prompts provide a stronger learning signal.

This motivates Frontier-Curriculum RLOO. We define frontier prompts as prompts whose sampled
completions contain both successes and failures, placing them near the model’s current learning
boundary. Our method keeps the RLOO update, verifier reward, optimizer, and training hyperparame-
ters fixed, and changes only the prompt sampling distribution. Specifically, we replay a small fraction
of frontier-similar prompts from a prompt bank while sampling the rest of each batch uniformly.

We also use the same success signal for adaptive test-time compute. Standard Best-of-N sampling
carries every candidate to completion, even when some trajectories appear unlikely to succeed.
With ZIP-RC-Lite, a frozen Qwen2.5-0.5B reads unused vocabulary logits to estimate trajectory
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success without extra forward passes, enabling pruning of low-value samples or early commitment to
confident ones.

The paper makes three contributions. First, we introduce Frontier-Curriculum RLOO, a controlled
prompt-sampling change that targets mixed-outcome prompts. Second, we connect the frontier
criterion to leave-one-out advantage contrast and evaluate it on Countdown. Third, we adapt ZIP-RC-
Lite to Qwen2.5-0.5B and show that the same success signal can reduce inference compute or latency
without extra forward passes.

2 Related Work

RL fine-tuning and verifier rewards. Modern language-model post-training commonly combines
supervised fine-tuning with preference optimization or online reinforcement learning. DPO and IPO
learn from paired preferences [18; 3], while RLOO is a REINFORCE-style method that samples
multiple completions for the same prompt and uses a leave-one-out baseline [22;[10;[1]. Verifier-based
reasoning tasks make this setup especially useful because final answers can be checked automatically
[65 12]. Our work differs by keeping the verifier reward and RLOO estimator fixed, isolating prompt
sampling as the only intended training-time change.

Curriculum learning and replay. Curriculum learning, self-paced learning, and automated curric-
ula show that example order can affect learning [4; (11} |8]]. Prioritized replay provides a related RL
mechanism by sampling transitions according to estimated utility [19;9]. Recent LLM reasoning cur-
ricula adapt prompt sampling using difficulty estimates, category policies, or learning-edge statistics
[165 155 175 23]]. In contrast, Frontier-Curriculum RLOO does not require a teacher, learned difficulty
model, or separate curriculum policy; it uses the rollout outcomes already produced by RLOO.

Frontier examples. Several recent reasoning methods prioritize examples near the model’s learning
frontier. LILO emphasizes questions with high success variance, where the model sometimes succeeds
but not always [7]. Goldilocks RL selects questions that are neither too easy nor too hard for the
current model [13]]. HIVE tracks a moving learning edge to avoid low-utility rollouts [23]. Our
contribution is a controlled RLOO-specific instantiation. We define a frontier prompt as one whose
K sampled completions include at least one correct and at least one incorrect answer, then retrieve
structurally similar Countdown prompts without changing the objective or reward.

Adaptive test-time compute. A growing body of work spends extra computation at inference
rather than during training. Best-of-/NV sampling draws many candidates and keeps the best; self-
consistency aggregates them by majority vote [21]], and learned verifiers or value models rerank or
select among candidates [6; [12]. Scaling studies show that, for a fixed model, well-allocated test-time
compute can rival training a larger one [20]. ZIP-RC removes the usual cost of an allocation signal by
predicting reward and remaining length from a frozen policy’s own logits, without an extra forward
pass [14]. We adapt this idea to Qwen2.5-0.5B on Countdown and use the success signal for concrete
allocation decisions such as pruning low-value samples, committing early to confident trajectories,
and reallocating samples across prompts.

3 Method

3.1 Frontier-Curriculum RLOO

Figure [T] shows how frontier prompts are identified, stored, retrieved, and mixed into the next training
batch.

RLOO update. We use RLOO as the base online reinforcement learning algorithm. For a prompt
x, the policy samples K completions y1, ..., yx ~ mg(- | ), and the verifier scores each completion
with reward r; = R(y;, ). RLOO compares each completion against the other completions from the
same prompt through a leave-one-out baseline [[1;10]

K
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Figure 1: Frontier-Curriculum RLOO. Frontier prompts are stored, retrieved, and mixed with uniform
prompts while keeping the RLOO update unchanged.

Our method does not modify this estimator. It changes only the distribution of prompts used to form
each training batch.

Frontier signal. The prompt distribution matters because RLOO is most informative when sampled
completions for the same prompt produce reward contrast. Let s(x) be the number of sampled
completions that are fully correct, and let p(z) = s(x)/K be the prompt-level success rate. We call
x a frontier prompt when its rollout group contains both successful and unsuccessful completions,
0 < s(z) < K. To prioritize frontier prompts, we use the variance of the binary success signal.
This quantity is zero when all samples fail or all samples succeed, and it is largest when the model
succeeds on about half of the samples. We therefore assign each frontier prompt the priority

f(z) = 4p(x) (1 = p(z)).

The factor 4 normalizes the score so that its maximum value is one at p(z) = % This priority is used
only for curriculum memory and retrieval. It is not added to the reward, loss, or advantage estimate.
Appendix [B.T] derives the connection between this score and leave-one-out advantage contrast.

Selection and replay. At each training step, we first identify frontier prompts in the current rollout
batch and store them in a bounded memory buffer with their priorities. We then retrieve structurally
similar Countdown prompts from a prompt bank built from the training set. Retrieval uses task-
structured numeric embeddings and duplicate filtering based on the target and allowed numbers, with
the full procedure described in Appendix [B] The retrieved prompts replace a fraction p of the uniform
batch, giving the sampling distribution

g = (1—p)D + pR(- | My),

where D is the uniform dataset distribution, M is the frontier memory, and R(- | M) is the retrieval
distribution. Training then proceeds with the standard RLOO update.

In the main run, p = 0.10, so a batch of 64 prompts contains approximately 58 uniform prompts and
6 retrieved prompts once memory is active. This preserves broad dataset coverage while allocating a
small fraction of training to prompts near the model’s current learning boundary. All other training
components remain fixed, including the verifier reward, RLOO objective, KL penalty, entropy bonus,
optimizer settings, SFT initialization, and reference model.

3.2 Adaptive Test-Time Compute

Our test-time component reuses the same per-prompt/per-prefix success signal at inference. We adopt
ZIP-RC-Lite, the frozen-backbone variant of Zero-overhead Inference-time Prediction of Reward
and Cost (ZIP-RC) [14]], and specialize it to Countdown / Qwen2.5-0.5B. The goal is to give the
frozen policy near-free introspection: a small head reads a slice of unused vocabulary logits and,
in the same forward pass that produces next-token probabilities, predicts a joint distribution over
the final reward outcome and the number of tokens remaining to completion. Because this is just



a read of existing logits, it adds no extra model, no extra forward pass, and no architecture change
at inference time. This is a stretch extension of the project; it is adapted from the official ZIP-RC
repository (the dataset, head-training, and offline-scoring modules are derivatives), while the live
adaptive decoder below has no upstream reference and was built from the paper’s formulation.

Reserved-logit head. Qwen2.5-0.5B has a vocabulary of 151,936 but its tokenizer only names ids
up to 151,664, leaving 271 unused embedding rows (ids 151,665-151,935). We park the ZIP-RC
joint head in the first contiguous slice of these unused ids, starting at id 151,665. (The upstream
ZIP-RC default of 151,669 is a Qwen3 id and is wrong for Qwen2.5; correcting it was one of several
model-specific adaptations). The joint is a grid over R reward states and L remaining-length bins,
flattened as idx = (length bin) + (reward state) x L, so the head occupies exactly R x L reserved
logits: 14 for the binary verifier and 21 for the structured verifier.

Joint reward—cost distribution. Let the reserved-slice logits at prefix ., be z; € Rf*L. The
predicted joint is the softmax over the slice,
exp z¢(b, £)
R L o
Zblzl 241:1 eXp Zt(b ,e )

Marginalizing recovers the two control signals: a value/confidence estimate

po(b, 0| xc) =

R
Viwa) = Elreward] = 3~ (Xopo(b.0) mi, Bl | ad] = X7, (S polb ) 7,

b=1

where 7y, is the reward value of state b and £ is the midpoint of length bin . The value V is the confi-
dence/selection signal; E[¢] is the predicted “thinking time.” We use two reward-state sets: a binary
verifier {0, 1} (R=2) and a structured 3-outcome verifier {0.0,0.1, 1.0} for {incoherent, coherent,
correct} (R=3). Length is discretized into short, Countdown-appropriate bins (Appendix [B.3)); the
upstream 32k-token math bins would place nearly all mass in a single bin here.

Why “Lite”. The full ZIP-RC objective trains the head jointly with a KL penalty that keeps the
policy close to its original. ZIP-RC-Lite instead freezes the entire backbone and trains only the output
head, dropping the KL term: a frozen policy cannot drift, so next-token behavior is preserved by
construction. A useful side effect is that the plain policy checkpoint (used to generate rollouts) and the
head checkpoint share identical hidden states, so offline scoring requires no logit masking. Masking
is only needed for the live decoder, which must never emit a reserved token.

Adaptive parallel decoding. The live decoder runs a K -parallel decode loop with a shared KV
cache. At every step it reads the joint live, masks the reserved slice to —oo before sampling, and lets
a meta-policy reallocate compute across the K trajectories. We implement three meta-policies plus
the paper’s utility policy:

* Best-of-/V (none). Carry all K samples to completion (the fixed-budget baseline).

* Prune (compute axis). After a warmup, periodically abandon the lowest-value active
samples (keeping at least ki, ), pruning only predicted losers (V' < 0.5). Cost is measured
as total active forward passes, so abandoned samples stop accruing compute.

» Early-stop (latency axis). Once the best active sample’s smoothed value crosses a threshold
T, commit to it and abandon the rest, finishing as soon as that trajectory completes rather
than waiting for stragglers.

« Utility (ZIP-RC sampling). Keep sample j only if its marginal contribution to the expected
best-of-set reward, v; [, ,;(1 — v;), exceeds 3 times its normalized expected remaining

cost E[¢;]/max. This is the sampling utility

U(S) = B[ maxri| - B;E[&] — ymaxE[6],

where [ charges total compute and  worst-case latency; sweeping 3 (and 7) traces the
Pareto frontier.



Among finished, non-pruned samples we select the one with the highest value_end (mean V over
the last 16 response positions). Cost is the sum of active forward passes (KV-cache accounted) and
latency is the number of decode steps (a wall-clock proxy: under data-parallel sampling, latency is
governed by the longest active trajectory).

Adaptive-K allocation. We treat adaptive-K as an auxiliary diagnostic rather than a main result.
The head’s value at the prompt itself, V(m) before any sampling, is a per-prompt difficulty estimate.
Adaptive- K uses it to spend a fixed average sample budget unevenly, assigning more samples to
predicted-hard prompts and fewer samples to predicted-easy prompts. This captures the idea of
reallocating compute across prompts without modifying the KV cache and can be evaluated fully

offline. We allocate by percentile rank of V(:Jc) rather than by its raw value, since the raw dynamic
range is compressed on Countdown. As discussed in Appendix [A.3] standalone adaptive-K has
little room to help on Countdown because the prompt difficulty range is narrow. We therefore use
adaptive- K mainly as a diagnostic and as part of the blended controller with pruning, whose held-out
compute-efficiency results are shown in Figure [6]

4 Experimental Setup

4.1 Frontier-Curriculum RLOO

We evaluate Frontier-Curriculum RLOO on the Countdown arithmetic reasoning task using Qwen2.5-
0.5B [24;[15]]. The training and evaluation prompts are drawn from the verifier-based Countdown
dataset asingh15/countdown_tasks_3to4 [2]]. The verifier assigns reward 1.0 to a fully correct
expression, reward 0.1 to a formatted but incorrect expression, and reward 0.0 otherwise.

We compare Frontier-Curriculum RLOO against SFT, IPO, and vanilla RLOO. SFT provides the
warm-start model used for online reinforcement learning. PO serves as a pairwise preference-
optimization baseline [3]]. Vanilla RLOO is identical to our method except that it samples prompts
uniformly [1]]: both share the same SFT initialization, verifier reward, optimizer settings, and RLOO
update, so the only intended experimental change is the prompt sampling distribution, modified
through frontier replay. We also evaluate several ablations, including failure-based retrieval, different
replay ratios, Goldilocks frontier selection, taxonomy weighting, and Teacher-SFT.

For the main RLOO runs, we train for 80 steps with batch size 64. The frontier runs use rollout group
size K = 8, learning rate 1 x 10~°, KL coefficient 0.001, entropy coefficient 0.001, and weight
decay 1 x 10~*. Training-time sampling uses temperature 1.0, top-p value 1.0, top-k value —1, and
min-p value 0.0. The main frontier replay ratio is p = 0.10.

For evaluation, we generate 128 completions per evaluation prompt. We report average verifier score,
which includes partial credit, along with pass@1, pass@ 16, and pass@ 128, where pass @k measures
whether at least one of the first £ sampled completions receives full verifier reward. Pass@ 1 measures
single-sample performance, while pass@ 16 and pass @ 128 measure how much performance improves
when more samples are available. This separates low-sample accuracy from the high-sample search
ceiling. Unless otherwise noted, the Frontier-Curriculum RLOO results are single-run evaluations,
while the ZIP-RC-Lite results below report multi-seed results on a fixed 50-prompt held-out pool.

4.2 ZIP-RC-Lite Setup and Hyperparameters

The ZIP-RC-Lite experiments use the same Countdown task and base model. We train ZIP-RC-
Lite heads on rollouts from the frozen, post-trained Qwen2.5-0.5B policy. The pass@1 values in
this subsection are measured on the ZIP-RC-Lite held-out rollout pool and use a separate stronger
RLOO checkpoint, so they are not directly comparable to the vanilla RLOO pass@1 in Table [I]
The headline adaptive-compute and calibration numbers use the stronger RLOO policy (pass@ 1
~ 0.66); the structured-verifier and cross-policy-transfer studies additionally use the weaker SFT
policy (pass@1 ~ 0.20). The pipeline has six isolated stages on Modal: rollout generation (VLLM)
— verifier labeling — head-only training (frozen backbone) — offline teacher-forced scoring — a
value-selection viability gate — the live adaptive decoder. The held-out set is the test split’s full
50 prompts; multi-seed results use 3 seeds. Every hyperparameter that was actually run is listed in
Appendix Table



5 Results

5.1 Frontier-Curriculum RLOO

Frontier-Curriculum RLOO changes only the prompt sampling distribution while keeping the RLOO
update fixed. We first report quantitative performance on the main evaluation and replay-ratio ablation,
then analyze how the method changes the composition of remaining failures.

5.1.1 Quantitative Evaluation

Table reports the main 128-sample evaluation for SFT, IPO, vanilla RLOO, and Frontier-Curriculum
RLOO. Relative to vanilla RLOO, Frontier-Curriculum RLOO increases average verifier score from
0.46 to 0.52 and pass@1 from 0.41 to 0.49. Because pass@ 128 remains around 0.82, the result is
best interpreted as improved low-sample efficiency rather than an increase in the model’s maximum
achievable pass rate under large-sample evaluation.

Table 1: Performance comparison on Countdown Table 2: Frontier replay-ratio ablation.
with 128 sampled completions per prompt.
Method Avg. pass@] pass@16 pass@128
Method Avg. Score pass@1 pass@16 pass@128 Vanilla RLOO 0.46 0.41 0.75 0.82
SF(")F g§§ 8;2 87g gzg Frontier p = 0.05  0.45 0.39 0.72 0.78
1P . ) 7 } car o —
Vanilla RLOO 0.46 0.41 0.75 0.82 mefer p =010 0.52 0.49 0.77 0.82
Frontier-Curriculum RLOO 0.52 0.49 0.77 0.82 Frontier p = 0.12 0.52 0.48 0.76 0.82
Frontier p = 0.15  0.51 0.48 0.74 0.82

Figure [2] shows the pass@F curves up to k = 16 for the same four methods. Frontier-Curriculum
RLOO is strongest when only a few samples are available and remains competitive as k increases.
This pattern is consistent with Table[I] where the method has higher pass@1 and pass@ 16 while
leaving pass @ 128 roughly unchanged.

Pass@K on Countdown up to Pass@16

1 2 a 8 16
K

Figure 2: Pass@k on Countdown for SFT, IPO, vanilla RLOO, and Frontier-Curriculum RLOO up to
k = 16.

The replay-ratio ablation in Table[2]shows that a small amount of frontier replay is most effective.
The setting p = 0.10 gives the best average verifier score, pass@1, and pass@16. A weaker replay
ratio, p = 0.05, does not provide enough frontier exposure. Larger replay ratios, p = 0.12 and
p = 0.15, do not further improve pass@ 16 or pass@128. This suggests that frontier prompts provide
useful learning signal, but replacing too much of the uniform batch can reduce dataset diversity. The
full replay-ratio pass@k curves are provided in Appendix

5.1.2 Qualitative Analysis

We also analyze failure modes for SFT, IPO, vanilla RLOO, and Frontier-Curriculum RLOO. Figure
reports failure categories as a percentage of failed rollouts, while Figure f]reports the total number
of failed rollouts for each method. These two views answer different questions. The normalized
distribution shows which error types remain after a method fails. The total-failure plot shows how
often failures occur overall.
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Figure 3: Failure-category distribution across meth-  Figure 4: Total failed rollouts by method.
ods, normalized by failed rollouts.

Across the same 6400 evaluated rollouts per method, the failed-sample rate decreases across the
main methods. SFT has 5259 failed rollouts, IPO has 4716, vanilla RLOO has 3778, and Frontier-
Curriculum RLOO has 3288. Thus, Frontier-Curriculum RLOO reduces the failed-sample rate from
59.03% for vanilla RLOO to 51.38%. This confirms that the result is not only a shift in error types,
but also a reduction in the total number of failed generations.

The largest qualitative improvement is the reduction in repetitive or incoherent generations. Vanilla
RLOO failures are dominated by long, unstable completions that repeat answer tags, continue
reasoning after giving an answer, or contradict their own intermediate steps. Frontier-Curriculum
RLOO makes this failure mode much less frequent.

The reduction is not uniform across all categories. Under Frontier-Curriculum RLOO, format errors,
wrong-target errors, and invalid-number-reuse errors become a larger share of the remaining failures.
Some of these categories also increase in absolute count relative to vanilla RLOO. This should not
be read as a contradiction of the main result, since the total number of failed rollouts still decreases.
Instead, it suggests that frontier replay removes many degenerate completions, leaving a smaller
but more structured set of failures. These residual failures often reflect strict answer formatting,
arithmetic accuracy, or number-use constraints rather than complete generation instability.

Overall, frontier replay improves low-sample correctness and reduces the total number of failures,
especially repetitive or incoherent outputs. The remaining errors are more interpretable and more
localized, which points to possible follow-up improvements such as stronger answer-format super-
vision, constrained decoding over allowed numbers, or additional training on structured arithmetic
mistakes.

The failure-category definitions used in Figures [3|and ] are described in Appendix [B.4]

5.2 ZIP-RC-Lite Adaptive Test-Time Compute

ZIP-RC-Lite uses the frozen policy’s success signal to allocate inference compute more selectively.
We first report calibration, live-decoder operating points, selection behavior, and cross-policy transfer.
We then discuss what these results imply about pruning, early stopping, answer selection, and the
limits of the signal.

5.2.1 Quantitative Evaluation

The ZIP-RC-Lite head drives the live decoder, and which lever wins depends on whether the objective
is compute or latency. Table [3|reports calibration for the binary head, and Table [ reports adaptive-
decoding results with 3 seeds, 50 held-out prompts, K = 8, and the scaled head. The calibration
results show that the reward estimate is close to the paper baseline. The live-decoder results reproduce
the compute and latency tradeoff on Countdown. Pruning cuts roughly 63% of active forward passes
for a small accuracy tradeoff, while early stopping at 7 = 0.8 cuts roughly 48% of latency with no
clear accuracy loss within the reported variance.



Table 3: K=64 ground-truth calibration
(binary head, n=32 prompts with > 64
rollouts), compared to the paper’s reported
ZIP-RC-Lite. Lower TV is better; higher

Table 4: Adaptive-compute operating points vs. full Best-
of-N (3 seeds, mean =+ std). Cost is active forward
passes; latency is decode steps. Percentages are relative
to “none”.

Fl/accuracy is better.

Policy Accuracy Compute (fwd passes)  Latency (decode steps)
Mot Ours ZIPRCLite) Paper ZIPRC Lite None (full BoN)  0.708 & 0.012 3944 + 106 692+ 11
- — Prune 0.683+0.012 1468 +16 (—63%) 508+ 16 (—27%)
Mean Total Variation (1) 0.52 063 Early-stop 7=0.8  0.725 +0.020 2306 + 147 (—42%) 356 + 12 (—48%)

0.81
0.67

0.82
0.71

End-of-gen reward F1 (1)
End-of-gen reward accuracy (1)

Utility 5=0.02 0.650 £ 0.020 1192 + 36 (—70%) 443 £17 (—36%)

Figure [5] shows the same live-decoder runs as paired compute—accuracy and latency—accuracy Pareto
plots. On the compute axis, pruning and the utility policy move down and left from full Best-of-V,
trading a small accuracy change for a large compute reduction; on this task, the simple absolute-
threshold prune is stronger than the redundancy-aware utility policy. On the latency axis, early
stopping at 7 = 0.8 commits to a confident trajectory, cutting roughly 48% of decode steps while
keeping accuracy within the reported variance of full Best-of-/N. The compute-axis panel alone, with
its single-lever operating points, is reproduced in Appendix [B.6]
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Figure 5: Compute—accuracy (left) and latency—accuracy (right) Pareto for the live decoder (Count-
down, Qwen2.5-0.5B, K=8, 3 seeds, mean = std, held-out; same runs as Table E[) The winning
policy flips with the objective: pruning is best on the compute axis (—63% compute for —2.5 accuracy
points), while early stopping at 7=0.8 is best on the latency axis (—48% latency, with accuracy
within the reported variance of the full Best-of- N baseline).

We also include two diagnostic tables that clarify how the success signal should be used. Table 3]
shows that value-based answer selection does not beat majority voting on Countdown. Table [6] shows
that the head transfers across SFT and RLOO rollouts with little loss, especially from the stronger
RLOO policy to the weaker SFT policy.

Table 5: Offline selection at K=8 on Table 6: Cross-policy transfer, AUC(value — correct), same
the held-out set. random is the chance base (Qwen2.5-0.5B). Diagonal is matched (head and roll-
floor (mean correctness); oracle is outs from the same policy); off-diagonal is transfer.

the ceiling (any-correct).

Head trained on | / scored on —  RLOO rollouts SFT rollouts
Method Accuracy @ K'=8 RLOO head 0.922 (matched) ~ 0.865 (transfer)
random @8 (chance floor) 0.70 SFT head 0.890 (transfer)  0.867 (matched)
value @8 (ZIP-RC selection) 0.74
majority @8 (self-consistency) 0.78
oracle@8 (ceiling) 0.78

The cross-policy result is useful for the broader system design. It suggests that the introspection head
does not need to be retrained after every policy update. A single frozen head may be able to support
both the curriculum signal and the live decoder across nearby checkpoints, which reduces the cost of
maintaining the adaptive-compute component.

Finally, as an auxiliary adaptive- K diagnostic, blending adaptive- K’ with pruning gives an additional
compute-efficiency result. Figure |§| shows that the blended controller achieves a held-out 20% to 25%



compute saving at neutral accuracy across evaluation pools. This result is smaller than the headline
single-lever pruning gain, but it is more conservative because it uses held-out operating points and
broader difficulty pools.

(A) Pareto frontier — blend vs fixed, per pool (B) Calibration law — separability predicts prune-safety
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Figure 6: Blending adaptive- K with pruning. (A) The blend frontier (squares) sits left of fixed-
allocation Best-of-/V (circles) on every pool, a held-out ~20-25% compute saving at neutral accuracy.
(B) Prune-safety (signed accuracy hit; higher is safer) rises with mid-trajectory separability (value
AUC at the prune point), but only weakly across pools (difficulty-controlled partial r=0.35, n=9).

5.2.2 Qualitative Analysis

The adaptive-compute results are best interpreted as compute allocation rather than answer selection.
Value-based selection reaches 0.74 accuracy at K = 8, while majority voting reaches 0.78, matching
the oracle on this held-out set. This means ZIP-RC-Lite is not primarily improving which completed
answer is selected. Instead, it improves how compute is spent before all samples finish.

The qualitative behavior of the decoder explains why different policies help different objectives.
Pruning is useful when the goal is total compute, because abandoned trajectories stop accumulating
active forward passes. Early stopping is useful when the goal is latency, because the decoder can
commit to a confident trajectory instead of waiting for all parallel samples to finish. On Countdown,
early stopping may avoid some failures because long, looping continuations are often wrong, so
committing to a stable high-value trajectory avoids some degenerate completions.

The results also clarify the limits of the signal. The head reads whether a trajectory is likely to
succeed better than it predicts exact remaining length. As a result, reward-based pruning and early
stopping are reliable, while more ambitious allocation policies depend on how separable successful
and failed trajectories are before generation finishes. The blend study supports this interpretation.
When mid-trajectory separability is high, pruning is safer. When successful and failed trajectories
remain hard to distinguish until late in the response, the compute-saving ceiling is set more by the
problem than by the head.

Additional experiments and ablations. Appendix [A] groups the auxiliary studies: frontier replay-
ratio curves, failure-based retrieval, Goldilocks frontier selection, taxonomy-weighted replay, Teacher-
SFT, the structured ZIP-RC-Lite verifier, standalone adaptive- K, single-lever Pareto analysis, and the
held-out adaptive- K +pruning blend protocol. These results are diagnostic or negative results rather
than the main claims.

6 Discussion

The Frontier-Curriculum result is consistent with the structure of the RLOO estimator. Because
RLOO forms advantages within rollout groups for the same prompt, mixed-outcome prompts provide
direct reward contrast: successful completions receive positive relative advantages, while failed
completions receive negative relative advantages. Prompts for which all sampled completions are
correct or all sampled completions fail provide little contrast and therefore weaker learning signal.

This perspective also explains why failure-only retrieval is less effective. Although replaying total
failures may seem useful, these prompts are often outside the current policy’s reachable region. When
every sampled completion fails, the verifier provides little information about which completion should



be preferred. Frontier prompts are more useful because the same policy sometimes succeeds and
sometimes fails on them.

The main limitation is that Frontier-Curriculum RLOO uses a single training seed, which is common
in LLM fine-tuning because repeated online RL runs are expensive. To make the evaluation more
stable, we report a large pass@Fk evaluation with 128 completions per prompt, including pass@1 and
pass@128; however, multi-seed training remains important future work. The gains are concentrated
at low k, while pass@ 128 is nearly unchanged. This suggests that the method improves low-sample
efficiency rather than performance when many samples are available. Other limitations are that
the retrieval features are task-specific, the ZIP-RC-Lite held-out pools are small, and Countdown’s
narrow difficulty range limits cross-prompt adaptive allocation. Future work should test multi-seed
robustness, adaptive replay schedules, broader tasks, and learned success predictors that estimate
frontier status without requiring K rollouts.

The ZIP-RC-Lite results support the same success-signal perspective at inference time. Its main
benefit is adaptive compute allocation rather than answer selection. Value-based selection matches but
does not exceed majority voting on Countdown, yet the same zero-overhead signal reduces compute
by approximately 63% through pruning or latency by approximately 48% through early stopping at
near-baseline accuracy. The head predicts trajectory success reliably, with mid-generation and end-
of-generation AUC around 0.90 to 0.92, but its remaining-length estimates are weaker. Cross-policy
transfer with off-diagonal AUC at least 0.865 suggests that the success signal is partly policy-agnostic
within the same base model. This suggests, but does not yet establish, a possible unified controller in
which a frozen introspection head supports both curriculum selection and inference-time allocation.

7 Conclusion

We introduced Frontier-Curriculum RLOO, a prompt-sampling curriculum for verifier-based online
RL. The method replays prompts where the current policy has mixed success and failure, giving
RLOO stronger within-prompt reward contrast while leaving the reward function and policy-gradient
objective unchanged. In a single-run 128-sample Countdown evaluation, Frontier-Curriculum RLOO
improves average verifier score from 0.46 to 0.52 and pass@1 from 0.41 to 0.49 over vanilla RLOO,
while pass@128 remains at 0.82. Thus, the result is best interpreted as improved low-sample
efficiency: correct solutions appear earlier in the sampling process, but the large-sample pass rate
does not increase.

ZIP-RC-Lite shows that a frozen Qwen2.5-0.5B carries a useful zero-overhead success signal in
its unused vocabulary logits. Under the comparison protocol used here, the head is well calibrated
on held-out trajectories, with AUC 0.92 and lower total variation than the reported ZIP-RC-Lite
baseline. A live decoder using this signal can reduce compute by approximately 63% through pruning
or latency by approximately 48% through early stopping at near-baseline accuracy. These results
support the interpretation of ZIP-RC-Lite as adaptive compute allocation rather than improved answer
selection.

The compute-saving numbers describe different operating regimes: the 63% compute reduction and
48% latency reduction are single-lever in-distribution operating points, while the 20% to 25% blend
result is a more conservative held-out estimate across broader difficulty pools. Cross-policy transfer
with off-diagonal AUC at least 0.865 further suggests that the success signal can transfer across
nearby policies derived from the same base model. This points toward, but does not yet establish, a
unified controller in which a frozen introspection head could replace rollout-based frontier counting
during fine-tuning and allocate compute during inference.
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Changes from Proposal. The original proposal focused on failure-aware retrieval, taxonomy-based
prompt selection, and a structured ZIP-RC-Lite verifier. Early training experiments showed that
retrieving total failures was not sufficient, because prompts for which all sampled completions fail
often provide weak RLOO advantage contrast. We therefore shifted the main RL extension to frontier
replay, where prompts contain both successful and failed completions under the current policy.
Taxonomy weighting, Goldilocks frontier selection, and Teacher-SFT were retained as ablations
rather than main methods.

The ZIP-RC-Lite extension also changed after empirical validation. The planned structured three-
outcome verifier did not pass the required viability gate because failure-mode diversity depended
strongly on policy capability. The converged RLOO policy failed mostly coherently, while the weaker
SFT policy failed mostly incoherently. We therefore used the binary verifier as the main setting
and report the structured verifier as a negative result. The final head is also smaller than originally
proposed, using a 14-21 logit reserved slice starting at id 151,665 with seven Countdown-specific
length bins.

Finally, adaptive- K allocation had little room to help on Countdown because prompt difficulty was
too narrow. The main inference-time gains instead came from pruning and early stopping, and we
further evaluated a held-out blend of adaptive- K with pruning. Beyond the proposal, we added the
untie-and-clone fix needed for Qwen2.5-0.5B’s tied embeddings, a cross-policy transfer study, and
a more conservative statistical protocol with held-out operating-point selection and prompt-level
bootstrap analysis.
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A Additional Experiments

We tested several alternatives to plain frontier replay. These experiments are useful for understanding
why the main method works, but we treat them as ablations rather than primary results.

A.1 Frontier Replay-Ratio Curves

Figure[7|shows the full pass@#k curves for the frontier replay-ratio ablation. The table in the main
Results section summarizes the key metrics, while this appendix figure shows how the replay ratios
compare across the low-sample regime.

Pass@K on Countdown up to Pass@16

Pass@K (%)

45 —— Vanilla RLOO

Frontier-Curriculum RLOO (ret=5%)
= Frontier-Curriculum RLOO (ret=10%)
40 4 =—e—_Frontier-Curriculum RLOO (ret=12%)
== Frontier-Curriculum RLOO (ret=15%)

1 2 l:l 8 1‘6
Figure 7: Pass@F replay-ratio ablation for Frontier-Curriculum RLOO up to k£ = 16.

A.2 Other Frontier Variants

We also tested several variants of frontier replay to understand whether the gains came from adaptive
replay in general or from the specific mixed-outcome frontier signal. These variants were useful as
ablations, but none provided a cleaner improvement than plain Frontier-Curriculum RLOO.

Failure-based retrieval. Failure-based retrieval used the same structured prompt embeddings and
retrieval pipeline as Frontier-Curriculum RLOO, but changed the memory criterion. Instead of storing
prompts with mixed outcomes, it stored prompts for which all sampled completions failed. The
goal was to test whether replaying hard prompts alone was sufficient. This did not consistently
improve over vanilla RLOO. Retrieval from total failures with p = 0.10 reached average score 0.4692
and pass@1 0.4228, while p = 0.30 dropped to average score 0.4345 and pass@1 0.3753. These
results support the motivation for frontier selection. Total failures are often difficult, but they do not
necessarily provide useful RLOO signal because the sampled completions can all receive similar
rewards. In that case, the leave-one-out baseline has little contrast to exploit. Frontier prompts are
more informative because they contain both successful and unsuccessful completions within the same
rollout group.

Goldilocks frontier selection. Goldilocks frontier selection used a stricter version of the frontier
criterion. Instead of storing every prompt satisfying 0 < s(z) < K, it emphasized prompts whose
empirical success rate p(z) = s(x)/K was closer to the middle of the range. The intuition was
that prompts near p(z) = 0.5 should provide the strongest within-group contrast, since the rollout
group contains a balanced mixture of successful and failed completions. This helped pass@1 in some
settings, but it was not clearly better overall. The stricter filter also reduced the number of prompts
eligible for memory, especially early in training. The result suggests that intermediate-difficulty
prompts are useful, but the simpler frontier condition 0 < s(x) < K was sufficient and more robust
for the main experiment.
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Taxonomy-weighted replay. Taxonomy-weighted replay added hand-designed weights for failure
categories such as wrong target, invalid number reuse, and format errors. The motivation was to
prioritize failure modes that seemed more actionable than generic incorrect answers. This made
the curriculum more interpretable, since retrieved prompts could be associated with specific error
types. However, it did not outperform the simpler frontier signal. A likely reason is that fixed
taxonomy weights are not directly aligned with the RLOO advantage structure. The frontier criterion
is determined by the model’s current rollout outcomes and therefore tracks where the policy already
has partial ability. In contrast, a failure category can be informative for analysis without necessarily
producing useful leave-one-out reward contrast.

Teacher-SFT. Teacher-SFT used exact-solver demonstrations for selected frontier prompts. This
gave the model a stronger supervised signal on prompts near its current learning boundary. However,
this variant changes the training setup more substantially than frontier replay because it introduces
new supervised targets rather than only changing the prompt sampling distribution. It is therefore
less controlled as a comparison to vanilla RLOO. We treat Teacher-SFT as an ablation rather than the
main method, since the main contribution is to improve RLOO by modifying prompt selection while
keeping the reward function, optimizer, initialization, and RLOO update fixed.

A.3 Additional ZIP-RC-Lite Experiments

This appendix collects ZIP-RC-Lite experiments that did not produce a clear positive result in this
setting. These experiments help scope the limits of the success signal on Countdown.

Structured three-outcome verifier. The structured {incoherent, coherent, correct} verifier pro-
duced a negative result with a useful finding behind it. Failure-mode diversity is policy-capability-
dependent. The converged RLOO policy fails almost only coherently, with only ~ 3% incoherent
failures. The weaker SFT policy fails almost only incoherently, with only ~ 10% coherent failures.
No single 0.5B checkpoint populates all three classes above the 15% gate we required. Trained on
SFT rollouts, where all three classes are present, the structured head collapsed to the binary head,
with AUC 0.867 versus 0.865. The structured signal may be more useful for curriculum analysis than
for inference on this setting.

Adaptive-K allocation. Adaptive-K spends a fixed average sample budget unevenly, drawing
more samples for prompts the head predicts are hard and fewer for easy ones. On Countdown this
neither helps nor hurts. A small gain on the 256-prompt head, with mean-K 2-6 and oracle changes
of +0.006 to +0.019, did not replicate on the scaled head, where the sign was mixed within +0.007.
The reason is a property of the benchmark, not of the mechanism. Countdown’s 3—4-number prompts
are nearly uniform in difficulty. Even ranked by percentile, the head’s prompt-level value V(x) is
compressed to roughly [0.52,0.54], so there is almost nothing to reallocate. Allocation can only
pay off when prompts differ enough in difficulty for the saved samples to matter elsewhere, and
Countdown does not provide that spread.

B Implementation Details

B.1 Frontier Score and Advantage Contrast

The frontier score is a curriculum priority, not part of the RLOO objective. It is meant to capture how
much useful contrast a prompt produces under the current policy. The idea can be seen directly from
the leave-one-out advantages in the binary correctness case. This analysis is only used to motivate the
curriculum priority. The training update still uses the verifier rewards produced by the task checker.

Suppose a prompt has s = s(z) correct completions among K samples. A correct completion has

advantage
s—1 K—s
Af=1- =",
K-1 K-1
because the leave-one-out baseline averages the other s — 1 correct completions and K — s incorrect
completions. An incorrect completion has advantage

S S
A= =0— S )
| K—1
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If s = 0, all completions fail and every advantage is zero. If s = K, all completions are correct and
every advantage is also zero. Only the mixed case 0 < s < K creates both positive and negative
advantages.

A compact way to summarize the amount of contrast in the group is the average squared advantage

K= o (53) o () | =

We use this expression only for analysis. It is not optimized directly. Its shape is proportional to
p(z)(1 — p(x)), where p(x) = s(x)/K. This is why the implementation uses

f(x) = 4p(z)(1 — p(x)).

The factor 4 normalizes the maximum value to 1. This score is highest when the model is around
half correct on a prompt and lowest when the prompt is always failed or always solved. For finite
K, the largest attainable value is exactly 1 when K permits p(z) = %, and is otherwise the closest
attainable value to this maximum. In our implementation, s(x) counts only fully correct completions
with reward 1.0. Partial-credit completions, such as formatted but incorrect answers with reward 0.1,
still contribute to the RLOO baseline and advantage, but they do not count as successful completions
for the frontier score. Thus, the frontier score identifies prompts with mixed binary success outcomes,

while the policy update itself continues to use the raw verifier reward.

B.2 Prompt Embeddings

We use a task-structured embedding rather than a sentence retriever because Countdown prompts
are mostly the same natural-language template. The important variation is the arithmetic structure
of the instance, not the surface wording. In asingh15/countdown_tasks_3to4, the prompt text
repeatedly follows the same instruction pattern and mainly changes the target value and the allowed
numbers [2]]. This makes sentence-level semantic retrieval less useful for our setting, since two
prompts can look almost identical in text while requiring very different arithmetic behavior. The
embedding is therefore designed to represent the numerical structure of the Countdown instance
directly. It captures the target scale, the number of available operands, summary statistics of the
allowed numbers, the gap between the available-number sum and the target, parity information, and
the sorted list of allowed numbers.

For a prompt with target ¢, allowed numbers a1, . . ., a,, sorted and padded values @y, . . ., G4, Sum S,
mean u, standard deviation o, and average parity p, the embedding starts from the 14-dimensional
feature vector

6(z) t n mingay maxga;, p o S S—t |S—t| _ a ay as a4

)= -  —— — — —, —, —, —— _— —, —, —| .
T4’ " 100 10071007 300" 300 * 300 P 10071007 100’ 100

Here, S = >, _, as, and p and o describe the scale and spread of the allowed numbers. The parity
feature is

1 n
p= — 1 =1 d2)}.
p=g 2 tar=1 (mod )

The sorted padded values preserve instance-specific information that is not fully captured by the
aggregate statistics. The division constants are scale normalizers rather than learned parameters.
We divide n by 4 because the dataset contains prompts with at most four allowed numbers, so this
feature lies on a comparable scale to the other normalized quantities. We divide the target, individual
allowed numbers, and their summary statistics by 100 because these values are on the order of 102 in
Countdown. We divide the sum-based features by 300 because sums and target gaps can be several
times larger than individual numbers. These constants keep all coordinates in a similar numerical
range before ¢ normalization, so retrieval is not dominated by whichever feature has the largest raw
magnitude. The exact constants are not intended to encode additional task knowledge beyond this
scale matching.

We then normalize the vector as

¢(x)

e(r) = ———

le(@)ll2
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After normalization, dot product is equivalent to cosine similarity. This makes retrieval depend on
the arithmetic shape of the prompt instead of the repeated sentence template. This embedding is
intentionally simple and fixed. It does not require training a separate retriever, and it keeps retrieval
tied to the task structure used by the verifier.

B.3 Retrieval Mechanism

The retrieval mechanism uses a prompt bank built from the training set. Let B = { (2, €, km )} _;

be the prompt bank, where k,, is a canonical Countdown key, and let M; = {(z;, ¢, u;, kj)}f;l be
the current frontier memory, where u; is the memory priority. The key is

k(x) = (t,sort(a,...,a,)),

where ¢ is the target and aq, . . ., a,, are the allowed numbers. This key treats two prompts with the
same target and same allowed numbers as the same arithmetic instance, even if their text formatting
differs. The embedding is still used for similarity, while the key is used only for duplicate filtering.

In the plain frontier setting, the memory priority is the frontier score f(z;) = 4p(z;)(1 — p(z;)). We
compute the similarity matrix
Smj = 67—;6]‘.
Each prompt-bank item receives its best priority-weighted frontier match
Cm = max Sp,iu;.
m 1<5< L mjtyj

This score is large when a candidate prompt is arithmetically similar to at least one high-priority
frontier prompt. The maximum over memory entries allows each candidate to match the most relevant

stored frontier prompt instead of being diluted by unrelated memory items. The priority factor
biases retrieval toward prompts that previously produced strong within-group contrast.

Before sampling retrieved prompts, we remove candidates whose key appears in the frontier memory
or in the current uniform batch. We also keep a local set of retrieved keys so that the same arithmetic
instance is not selected twice in one mixed batch. After this filtering step, we select a top candidate
pool using the largest remaining c,,, values and sample the required number of retrieved prompts from
that pool. Thus, embeddings guarantee similarity only in the ranking sense, while the canonical-key
filter is what prevents exact prompt reuse. If the frontier memory is not yet large enough, or if
filtering leaves too few valid candidates, the batch falls back to uniform prompts for the missing
positions. This makes early training identical to vanilla RLOO until the memory contains enough
frontier examples to support retrieval. The memory is bounded to recent frontier prompts, so retrieval
follows the current policy’s learning boundary rather than frontier examples that may be stale later in
training.

The main run uses a frontier memory window of recent frontier prompts, a replay ratio of 0.10, and
a minimum memory size before retrieval starts. With replay ratio p = 0.10, a batch of 64 prompts
contains approximately 58 uniformly sampled prompts and 6 retrieved prompts once memory is
active. This keeps most of each batch drawn from the original dataset distribution while allocating a
small fraction of training to prompts near the current frontier. The retrieval mechanism changes only
the prompt sampling distribution. The verifier reward, RLOO objective, KL penalty, entropy bonus,
optimizer settings, SFT initialization, and reference model remain fixed.

B.4 Failure-Mode Taxonomy

We categorize failed rollouts using the generated response, the extracted answer expression, and the
verifier outcome. A rollout is counted as failed when its verifier score is less than 1.0. The taxonomy
is descriptive and is used only for analysis. It is not used for training, reward computation, or model
selection.

Some failed rollouts contain more than one issue. For example, a completion may repeat answer
tags and also contain an expression that evaluates to the wrong value. In these cases, we assign the
category that best describes the dominant failure mode. Global generation failures, such as missing
answer tags, repeated outputs, or corrupted text, are assigned before more local arithmetic labels.
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Format error. A format error occurs when the model does not produce a usable final answer in the
required format. This includes missing <answer> tags, malformed answer tags, empty answer fields,
non-arithmetic text inside the answer field, code-like output instead of a mathematical expression, or
an expression that cannot be parsed by the verifier. This category is important because Countdown is
automatically verified. Even if the reasoning contains useful intermediate steps, the verifier cannot
assign full credit unless the final answer is cleanly extractable and parseable.

Wrong target. A wrong-target error occurs when the final answer is a parseable arithmetic expres-
sion and uses the allowed numbers correctly, but the expression evaluates to a value different from
the target. This category captures arithmetic search failures. The model follows the output format
and respects the number-use constraint, but it solves the wrong numerical problem. For example, an
expression may use each number exactly once and evaluate to 60 when the target is 98.

Invalid number use. An invalid-number-use error occurs when the final expression is parseable
but violates the Countdown constraint on allowed numbers. This includes reusing a number more
times than allowed, omitting a required number, introducing an extra constant, or using a modified
number that is not produced by valid arithmetic from the allowed set. This category reflects constraint-
following failures rather than formatting failures. It is especially relevant for Countdown because a
numerically correct expression is still invalid if it uses the wrong multiset of numbers.

Arithmetic error. An arithmetic error occurs when the expression has a valid-looking structure but
cannot be evaluated as a valid arithmetic computation. The most common example is division by
zero. This category is rare in our runs because most problematic arithmetic outputs either fail parsing
and become format errors, or evaluate successfully but reach the wrong target.

Repetitive or incoherent. A repetitive or incoherent error occurs when the model produces an
unstable completion rather than a single clean solution. This includes repeated answer tags, repeated
verification loops, multiple inconsistent final answers, continued reasoning after a final answer,
irrelevant code or markup, corrupted multilingual fragments, or text that no longer follows the task.
These errors indicate generation instability. They are different from wrong-target or invalid-number-
use errors because the main issue is not a single arithmetic mistake, but a failure to produce a coherent
final response.

Other. The other category contains rare failures that do not fit cleanly into the categories above.
This includes unusual parser edge cases or outputs whose failure source is ambiguous. Because this
category is small, we do not interpret it as a major behavioral pattern.

B.5 ZIP-RC-Lite Implementation Details

This appendix records the non-obvious implementation choices behind the ZIP-RC-Lite results
(Section[5.2)); the run hyperparameters are in Table[7]

Reserved slice and bin layout. Qwen2.5-0.5B has vocab_size=151,936, but the tokenizer
only names ids up to 151,664, leaving 271 unused embedding rows. The joint head starts at
DISTRIBUTION_TOKEN_ID=151,665 and occupies R x L contiguous ids. Length uses logarithmic-
style bins {0, 16, 32, 64, 128,256,512,1024} (L=7); a startup bin plus powers of two keeps res-
olution where Countdown actually lives (responses are <~ 300 tokens), whereas the upstream
{0,256, . ..,32768} bins target 32k-token math traces and would collapse all mass into bin 0. The
bin index is idx = (length bin) 4 (reward state) x L, with length the fastest-varying axis.

Untie and <clone the LM head (the critical bug). Qwen2.5-0.5B sets
tie_word_embeddings=True, so the output head is the input embedding matrix. Training
the head while tied leaks gradient into the input embeddings and silently corrupts the policy’s
generation: offline AUC can look fine (~0.99) while the decoder emits coherent-but-degenerate
tokens (e.g. <loom> for <think>). The fix is to untie and clone the head into a separate Linear
(initialized from the input embedding), freeze the input embeddings, and train only the output head.
Upstream’s larger 1.5B/1.7B models are untied and never hit this. The recurring lesson, validated in
the harness, is that offline metrics on clean rollouts can look perfect while generation is broken, so
we validate the head’s generation quality against the raw policy, not just its scoring.
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Table 7: ZIP-RC-Lite hyperparameters and run configuration (Countdown / Qwen2.5-0.5B). “Effec-
tive batch” is batch size x gradient accumulation. The head occupies R x L reserved logits (R=2
binary, R=3 structured; L=7 length bins).

Setting Value

Rollout generation (vLLM, plain policy checkpoint)

Dataset countdown_tasks_3to4 (3—4 numbers)
Samples per prompt 4 (head training) / 64 (calibration set)
Temperature / top-p / top-k / min-p 1.0/1.0/ -1 (off) /0.0

Max new tokens / max model len 1024 /2048

Stop string </answer>

Seed 42

Verifier / labeling

Correct (r=1.0) rule-based compute_score=1.0

Structured failure split coherent (0.1) / incoherent (0.0)

Coherence judge (structured) Claude Haiku, failures-only, cached, max_tokens 8
Head-only training (backbone frozen, head untied + cloned)

Trainable params output head only

Reserved-slice start id 151,665

Length bins (remaining tokens) {0, 16, 32,64, 128,256,512, 1024} (7 bins)
Reward states binary {0, 1} / structured {0, 0.1, 1.0}

Loss per-position cross-entropy on joint bin; no KL
Optimizer AdamW, 8=(0.9, 0.95), weight decay 0.0
Learning rate / schedule 1 x 10™*/ cosine, warmup ratio 0.05

Batch size / grad accumulation / effective 8 /4 /32

Epochs / grad clip / max length 2/1.0/2048

Precision / attention bfloat16 / FlashAttention-2 (fallback default)
Gradient checkpointing off (backbone frozen)

Training set size 256 prompts (main) / 512 prompts (scaled)
Seed

Live adaptive decoding

Parallel samples K / max new tokens 8/1024

Temperature / top-p / top-k 1.0/1.0/-1

Warmup / prune interval / Kmin 128 steps / 32 steps / 2

Value smoothing window 4

value_end (selection signal) mean V over last 16 positions

Prune rule abandon active samples with smoothed V <05
Utility 8 sweep {0.002,...,0.1} (matched-cost near {.005,.01,.02,.05})
Early-stop T sweep {0.7,0.8,0.9,0.95}

Cost / latency metric active forward passes / decode steps

Stop tokens <|im_end|>, <|endoftext |>, </answer>
Held-out prompts / seeds 50/3

Compute

Modal budget used ~$15-25 of $400; A10G smoke, single-GPU training

Stop token. The chat model ends a turn with <|im_end|>, not <|endoftext |>. Stopping only
on the latter let every sample run to the 1024-token cap into degenerate text (and made the latency
metric meaningless); the decoder stops on either special token or on </answer>.

No gradient checkpointing; teacher-forced head loss. The backbone is frozen, so no gradient
flows through the transformer body and checkpointing would only waste compute. The loss is
computed by a manual F.linear over the reserved slice of output_hidden_states[-1], with
cross-entropy against the per-position joint bin label.

£ normalization and saturation. With K=8 redundancy, the marginal value of an additional
sample is small (== 0.004), so an initial 3 range was ~100x too high and the Pareto frontier looked
flat. We swept 8 € {0.002,...,0.1} and, following the paper, normalize the cost coefficient per
prompt by the predicted typical total token count so the reward—cost trade-off is stable across short
and long generations.
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Cost and latency accounting. Cost is the sum of active forward passes (pruned samples stop
counting; KV caching is accounted for), matching the paper’s normalized-compute metric. Latency is
the number of decode steps, a wall-clock proxy: under unconstrained data-parallel sampling, latency
is governed by the longest active trajectory. Pruning is implemented by masking abandoned samples
and counting only active ones, which yields a faithful cost—accuracy curve without literal KV-row
deletion (a later FLOP optimization that gives the same Pareto numbers).

Validation harness. Every live-decode run asserts two invariants: (i) zero reserved-token ids appear
in any generated sequence (masking works), and (ii) the live per-step AUC(value_end — cor-
rect) matches the offline scorer (the readout is correct in-flight). A value-selection viability gate
(value@K > random@K) was required before building the live decoder at all.

B.6 Single-Lever Compute—Accuracy Pareto

Figure [§]isolates the compute axis of the live-decoder operating points in Table[d] i.e. the left panel
of the main-text Figure [5] shown on its own. Pruning and the utility policy both move down and
left from full Best-of-NV, trading a small accuracy change for a large compute reduction, and the
simple absolute-threshold prune dominates the redundancy-aware utility policy on Countdown. This
is the single-lever, compute-axis result that the blend study below extends by stacking adaptive- K
allocation on top of pruning.

Compute-accuracy Pareto (multi-seed mean=std)
0.72
none
0.70

prune

o
[=}]
@

accuracy

o
o
o

util b=0.02

0.64 A

1500 2000 2500 3000 3500 4000
cost (active forward passes)

Figure 8: Multi-seed compute—accuracy Pareto for the live decoder (3 seeds, mean + std, K =8,
scaled head; same runs as Table[)). Pruning and the utility policy move down-left from full Best-of- N
(“none”), trading a small accuracy change for a large compute cut.

B.7 Blend Study: Protocol and Detailed Results

This appendix records the protocol and the per-pool numbers behind the blend study shown in
Figure|[6]

Controller. The blend runs adaptive- K and pruning together. Adaptive-K allocates a fixed average
sample budget across prompts using a mid-trajectory difficulty probe (the head’s value_q25, its
value read about a quarter of the way through a generation); pruning then abandons predicted-loser
samples within each prompt as in the headline decoder.

Evaluation protocol. An earlier single-run result reported a +0.02 oracle accuracy gain at —22%
compute. That gain was winner’s-curse from selecting the best grid point on the same data used to
score it, and it does not survive a held-out analysis, so we report only the conservative numbers below.
To remove the bias we use (i) prompt-level paired-bootstrap confidence intervals, (ii) held-out 2-fold
selection of operating points, so a configuration is chosen on one split and measured on the other, and
(iii) four evaluation pools of increasing difficulty (Table[g).
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Table 8: Blend-study pools and headline outcomes. “Compute saving” is the held-out reduction in
active forward passes at neutral accuracy; the oracle-delta confidence interval includes 0 on every
pool. The last row is a control that re-scores the hard pool’s generations with an out-of-distribution
head.

Pool Difficulty Compute saving Accuracy A
Main (n=50, 6 seeds) standard 3—4 operand ~20-25% Cl includes O
Holdout (n=300) standard, head-disjoint ~20-25% Cl includes 0
Hard (n=120) 3—-6 operand ~20-25% Cl includes 0
Hard, OOD-head 3—6 operand (control) n/a prune cost unchanged

Compounding. On every pool the blend’s compute reduction is at least the product of the two
levers applied alone, and on the calibrated pools it super-compounds, by +16 to +19 points beyond
the product. The mechanism is visible in the keep rate: under adaptive allocation, pruning keeps only
~58% of samples versus ~72% without it, because allocation concentrates samples on hard prompts
where the most doomed samples live.

What limits pruning. Prune safety tracks mid-trajectory separability, the value AUC at the
prune point (~0.6-0.7, well below the ~0.91 value-end AUC). Within a calibrated pool the higher-
separability difficulty tier prunes more safely (2/2 consistent), but as a cross-pool law this is weak: a
difficulty-controlled partial correlation gives 7=0.35 at permutation p=0.36 (n=9), and an earlier
p=0.03 did not survive adding the best-powered pool and dropping a non-independent one. The
head-swap control supports this interpretation: re-scoring the same hard generations with an out-
of-distribution head leaves the prune accuracy cost unchanged (—0.125 at both difficulty tiers), so
the ceiling is the problem’s intrinsic predictability, not the head. A practical gate follows: use more
aggressive pruning when prune-point separability is above ~0.65 and back off below ~0.6. The
latency lever (early-stopping) should be gated on the head’s weaker length prediction before being
folded into the same utility.
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