
Extended Abstract

Motivation Even after RL fine-tuning, language models reason through unstructured natural-
language chains of thought whose reliability remains limited for multi-step mathematical tasks. On
the Countdown task, where a model must compose arithmetic operations over given numbers to reach
a target, models frequently make arithmetic errors, fail to commit to correct solutions, and exhaust
their generation budget without answering. We explore two approaches, Structured Backtracking
(BT) and Targeted Failure Correction (FC), to make the mathematical reasoning more robust, sharing
the same motivation but differing in strategy.

Method Prior work on backtracking focuses on unverifiable textual recovery and relies on external
search tools. Our first approach, Structured BT, reconstructs the reasoning process top-down by
introducing explicit <state_K> and <backtrack_K> tokens that checkpoint intermediate states and
signal branch abandonment with programmatic state restoration. To train this behavior, we develop
a deterministic Countdown solver that labels all reachable states and curate synthetic backtracking
traces for supervised fine-tuning. The model is then further trained using RLOO with a structural
process reward model (PRM) for dense feedback on search quality. While the model learns to
exhibit backtracking, it underperforms the default baseline because the grammar’s bookkeeping
competes with arithmetic reasoning for the scarce capacity of a 0.5B model. This failure motivates
our second approach: Targeted FC, which addresses the same underlying reliability problem bottom-
up. Analyzing BT’s underperformance identifies three concrete bottlenecks—arithmetic mistakes,
inconsistent commitment to correct solutions, and rambling without answering—and FC targets
each sequentially through (1) an arithmetic PRM that penalizes incorrect calculations during RLOO,
(2) rejection-sampling fine-tuning (RFT) on diverse correct rollouts to consolidate single-attempt
accuracy, and (3) IPO preference optimization against rambling.

Implementation All experiments use Qwen 2.5 0.5B Base on the Countdown task. Structured BT
generates 1,200 synthetic traces via the deterministic solver narrated by GPT-4.1-mini, registers 10
special tokens, and trains with RLOO using a rule-based structural PRM. Targeted FC warm-starts
each stage from the previous checkpoint: arithmetic PRM RLOO, RFT on 5,849 distinct correct
rollouts, and IPO on 1,131 preference pairs contrasting correct solutions against rambling failures.

Results Structured BT underperforms the default RLOO baseline (pass@1 0.32 vs. 0.56), with
NO-ANSWER rates roughly doubling to 54%. Targeted FC improves pass@1 from 0.56 to 0.62
(+11%), reduces the consistency gap from 0.20 to 0.12, and suppresses NO-ANSWER below the
baseline (25.4% vs. 25.9%). Each stage successfully addresses its targeted failure mode while
preserving gains from preceding stages.

Discussion A small model’s limited capacity constrains what post-training can achieve: structured
BT’s grammar consumes capacity needed for reasoning itself, while targeted FC succeeds because
each lightweight stage adds minimal overhead. Notably, correcting arithmetic mistakes is largely
decoupled from final-answer correctness—the accuracy gains come from consolidating correct
solutions (RFT) and suppressing rambling (IPO), not from cleaner arithmetic. A persistent failure
mode remains where the model misses near-solutions and never revisits them, which is precisely
the kind of failure that successful backtracking could address, suggesting the two approaches are
complementary rather than competing.

Conclusion Under the capacity constraints of a small model, lightweight sequential interventions
targeting specific failure modes compose more effectively than monolithic structural changes. Our
negative result on BT provides a cautionary lesson that structural search grammars may exceed a
small model’s capacity budget, while targeted FC demonstrates that the same goal of robust reasoning
can be approached incrementally. Future work includes applying structured BT at larger model scales
and replacing randomly generated dead-end branches with strategically chosen ones that better reflect
natural reasoning failures.
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Abstract

Even after RL fine-tuning, language models reason through unstructured natural-
language chains of thought with limited reliability for multi-step mathematical
tasks. We explore two approaches on the Countdown task with a 0.5B model.
Our first approach, Structured Backtracking (BT), introduces state-checkpoint and
backtrack tokens for explicit search, trained via supervised fine-tuning on solver-
curated traces (SFT) and REINFORCE Leave-One-Out (RLOO) with a dense
rule-based process reward. While the model learns to backtrack, it underperforms
the default baseline because the grammar’s bookkeeping consumes capacity the
model needs for reasoning. This motivates our second approach, Targeted Failure
Correction (FC), a lightweight three-stage pipeline that sequentially addresses
concrete bottlenecks identified from BT’s failure analysis: (1) RLOO with a
structural process reward penalizing arithmetic mistakes, (2) rejection-sampling
fine-tuning on diverse correct rollouts to consolidate single-attempt accuracy, and
(3) preference optimization against rambling. FC achieves pass@1 of 0.62 (+11%),
cuts the consistency gap from 0.20 to 0.12, and reduces arithmetic error rates
threefold. Our results suggest that under the capacity constraints of a small model,
lightweight sequential interventions targeting specific failure modes compose more
effectively than monolithic structural changes.

1 Introduction

Fine-tuning language models with reinforcement learning has driven substantial progress on reasoning
tasks [1, 8, 12]. Yet mathematical reasoning remains distinctly challenging: it requires multi-step
planning over a combinatorial search space and correct arithmetic execution at every intermediate
step [3, 7]. Even after RL fine-tuning, models still reason through unstructured natural-language
chains of thought whose reliability remains limited. The central question of this work is how to make
this reasoning process more robust, and we explore two approaches that share this motivation but
differ in strategy. We study both approaches on Countdown [9, 13], where a model must compose
arithmetic operations (OP) over given numbers to reach a target.

Standard RL-trained models express backtracking implicitly through natural language, but this pro-
vides no mechanism for verifiable state restoration [5, 15]. Our first approach, Structured Backtrack-
ing (BT), introduces explicit <state_K> and <backtrack_K> tokens that checkpoint intermediate
states and signal branch abandonment. We curate a dataset of synthetic backtracking traces via a
deterministic solver and train the model on these traces via supervised fine-tuning (SFT), followed
by REINFORCE Leave-One-Out (RLOO) with a process reward model (PRM) that provides dense
feedback on search quality [7, 14]. However, BT ultimately underperforms the default baseline—the
grammar’s bookkeeping competes with arithmetic reasoning for the scarce capacity of a 0.5B model.
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Thus, we pivot to a lightweight alternative. Analyzing BT’s failure sharpens the vague notion of
“unreliable reasoning” into three concrete bottlenecks: arithmetic mistakes within the reasoning trace,
inconsistent commitment to correct solutions across attempts, and rambling without producing an
answer. This motivates Targeted Failure Correction (FC), a three-stage pipeline that addresses each
bottleneck sequentially through an arithmetic PRM during RLOO, rejection-sampling fine-tuning
(RFT) [16] on diverse correct rollouts to consolidate single-attempt accuracy, and IPO preference
optimization against rambling. Each stage warm-starts from the previous checkpoint, preserving prior
gains. FC achieves pass@1 of 0.62 (+11% over the default baseline), and we discover that arithmetic
mistakes in the trace are largely decoupled from final-answer correctness.

Our contributions are:

• A synthetic data-generation pipeline that produces structured backtracking traces via a
deterministic solver for supervised warm-starting.

• Structured BT, an explicit backtracking framework with a programmatic structural PRM,
and a negative result demonstrating capacity limitations at small model scale.

• Identification of three concrete reasoning bottlenecks from structured BT’s failure analysis
as actionable targets for post-training intervention.

• Targeted FC, a lightweight three-stage pipeline that sequentially addresses each bottleneck,
achieving pass@1 of 0.62 (+11%).

2 Related Work

RL fine-tuning for reasoning. Modern post-training pipelines for language models typically begin
with supervised fine-tuning (SFT) on curated demonstrations, followed by preference optimization or
online RL. Ouyang et al. [8] established the preference-based paradigm with RLHF, and subsequent
work has introduced more efficient variants: Rafailov et al. [11] reformulate the constrained RL
problem as a supervised classification objective over preference pairs (DPO), and Azar et al. [2]
relax the Bradley–Terry assumption to reduce overfitting (IPO). For online policy-gradient methods,
Ahmadian et al. [1] propose REINFORCE Leave-One-Out (RLOO), which uses a leave-one-out
baseline to reduce variance without a learned value function. These methods have been applied
to mathematical reasoning with notable success. Our work primarily builds on this SFT, IPO, and
RLOO foundation, extending them with new datasets, loss functions, and integration strategies for
our proposed structured BT and targeted FC methods.

Structured search for backtracking. Prior work has explored structured search for backtracking
to improve mathematical reasoning in language models. Yao et al. [15] represent reasoning as an
explicit tree (Tree of Thoughts) and use external BFS/DFS controllers to explore branches at inference
time. Gandhi et al. [5] train models to express search and backtracking through structured text traces
(Stream of Search) but rely on unstructured natural language to restore prior states. El et al. [4]
introduce a <clean> token that removes failed reasoning from context for Countdown, but restart
reasoning from scratch rather than restoring a previous valid state. Overall, these methods show
that structured search can improve reasoning, but they either depend on external controllers, rely
on unverifiable textual backtracking, or remove context destructively. Our BT approach differs by
introducing explicit, verifiable state-checkpoint tokens with programmatic context restoration.

Process reward models. Outcome-only rewards provide sparse training signal for multi-step
reasoning Lightman et al. [7] provide step-level correctness labels during training, showing that
intermediate feedback can be more effective than outcome-only rewards. Wang et al. [14] reduce
annotation cost by using Monte Carlo rollouts to estimate step-level correctness (Math-Shepherd).
In contrast, both BT and FC use programmatic PRMs that detect improper backtracking events or
incorrect arithmetic statements, requiring no human annotation or rollout-based estimation.

Self-improvement for mathematical reasoning. Zelikman et al. [17] bootstrap reasoning by fine-
tuning on the model’s own correct solutions with rationalization (STaR). Yuan et al. [16] scale this
idea with RFT by sampling many diverse rollouts per prompt and keeping only the correct ones for
supervised training. This allows the model to learn from its own distribution, reinforcing its natural
reasoning strengths. Additionally, since mathematical reasoning problems often admit multiple valid
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solutions, RFT teaches the model that a single problem can be approached from different angles,
making its reasoning more flexible. This inspires targeted FC’s second stage, which adapts the
original RFT recipe to target consistent commitment to correct answers across multiple attemps.

3 Default Method

The default project pipeline comprises three training stages, SFT, IPO, and RLOO, which our
subsequent structured BT and targeted FC methods build upon and adapt.

SFT. Supervised fine-tuning (SFT) uses the standard next-token prediction objective, with the loss
applied only to expert completion tokens yt given prompt x and preceding tokens y<t:

LSFT = −Ex,y∈D

|y|∑
t=1

log πθ(yt | x, y<t). (1)

IPO. Identity Preference Optimization (IPO) [2] learns from pairwise preferences over preferred
(yw) and rejected (yl) responses. It encourages the policy to assign higher relative likelihood to
preferred responses while controlling deviation from a reference policy πref:

LIPO =

∥∥∥∥hyw,yl
πθ

− 1

2β

∥∥∥∥2
2

, hyw,yl
πθ

= log
πθ(yw | x)
πref(yw | x)

− log
πθ(yl | x)
πref(yl | x)

, (2)

where β controls the strength of the regularization.

RLOO. REINFORCE Leave-One-Out (RLOO) [1] is an online policy-gradient method that samples
multiple completions for a given prompt. It uses the average reward of the other rollouts for the same
prompt as a baseline to compute the advantage for sample i:

Ai = R(y(i), x)−
1

k − 1

∑
j ̸=i

R(y(j), x). (3)

The policy gradient is then:
1

k

k∑
i=1

Ai∇ log πθ(y(i) | x). (4)

Since trajectories are sampled efficiently using vLLM, a separate inference engine treated as the
behavior policy µ, the advantage is multiplied by a sequence-level importance weight, w(y, x) =
exp

(
log πθ(y | x) − logµ(y | x)

)
, to correct for distributional drift. The overall loss additionally

includes entropy regularization and a KL penalty that constrains the policy from diverging too far
from the reference model.

4 Structured Backtracking (BT)

4.1 Method

Structured BT aims to teach the language model to issue special tokens for explicit, verifiable
backtracking. The full pipeline is illustrated in Figure 1. BT firstly trains the model on synthetic
structured search traces via SFT, then apply RLOO on the warm-start SFT model with a context-
restoration manager and a structural PRM.

Special tokens. We introduce two families of special tokens. <state_K> checkpoints the rea-
soning state after K arithmetic operations, recording the currently available values as expressions
over the original inputs (e.g., <state_1> [(36+5)=41, 78]). This preserves each intermediate
derivation and supports later verification of search-state consistency during RL. <backtrack_K>
signals abandonment of the current branch and restoration to the most recent depth-K checkpoint.
We set Kmax = 4, yielding 10 special tokens in total, which suffices for Countdown problems with
3–4 input numbers.
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Countdown solver. Given input numbers and target, the countdown solver exhaustively enumerates
reachable states under binary arithmetic operations, labels each intermediate state as solvable or
unsolvable, extracts verified solution paths, and identifies dead-end branches.

Synthetic data generation. Given the prompts from cog_behav_all_strategies, we curate
new training data of reponse with structured backtracking traces through two steps. First, a search
trace builder combines solver-verified solution paths with injected dead-end branches that require
backtracking. We created different search patterns from simple linear solutions to multiple backtracks
at different depths. Second, since the raw search traces contain only structured tokens and arithmetic
facts, we use GPT-4.1-mini to narrates each trace into natural-language reasoning while preserving
the special tokens and arithmetic facts. To ensure perfect training data, each narration is validated by
strict checks, including tag order, arithmetic correctness, state-list accuracy, final answer correctness,
and formatting. The validated narration serves as the new response for SFT.

Context-restoration manager. During RLOO sampling, we augment the generation stop strings
with <backtrack_K> tokens, so generation halts whenever the model emits a <backtrack_K> token.
The context manager truncates the text back to the most recent depth-K ancestor state, removes the
failed branch, appends a backtrack marker, and resumes generation from this cleaned prefix. This
repeats until the model produces a final answer or exhausts a cap of 4 rounds. The goal is to improve
rollout quality during RLOO training: if a failed branch remains in context, it can mislead subsequent
generation through attention over irrelevant tokens. By removing it, each continuation starts from a
clean state, producing higher-quality rollouts and therefore better policy-gradient signal.

Structural process reward model. The structural PRM provides dense feedback on correct use
of the backtracking grammar, complementing the sparse outcome reward. It scores each trace
based on valid state references, depth consistency with the number of applied operations, correct
forward-transition format at each state, correct restoration after backtracking, preservation of the given
operands, and arithmetic correctness. The PRM score is computed as the average of these checks and
lies in [0, 1]. It is then combined with the original outcome reward R(y(i), x) in Equation (3) to form
the augmented RLOO reward:

R′(y(i), x) = R(y(i), x) + α · PRM(y(i)). (5)

Here, α controls the strength of the structural process reward relative to the outcome reward; we set
α = 0.5 in our experiments.

Figure 1: Structured BT pipeline. A Countdown solver enumerates search-tree traces with backtracks;
GPT-4.1-mini narrates each skeleton into natural-language traces with embedded special tokens; the
model is fine-tuned on these structured traces via SFT, then trained with RLOO augmented by a
structural PRM and context-restoration manager.

4.2 Experimental Setup

Structured BT experiments explore explicit backtracking on the Countdown task. We
first generate 1,200 synthetic structured traces (1,000 train / 200 test) from prompts in
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cog_behav_all_strategies. We then fine-tune Qwen 2.5 0.5B [10] with SFT on this modi-
fied dataset for 6 epochs, using a learning rate of 5e-5, batch size 64, gradient accumulation over
8 steps, gradient clipping at 1, weight decay of 0.01, and a cosine learning-rate scheduler with 5%
warmup. Starting from the structured BT SFT checkpoint, we further apply RLOO with the updated
reward function (5) for 100 steps on countdown_tasks_3to4, using a learning rate of 1e-5, batch
size 128, gradient accumulation over 128 steps, group size 8, KL coefficient 0.001, entropy coefficient
0.001, weight decay of 1e-4, and a constant learning-rate schedule. All experiments are run on a
single H100 GPU via Modal, with vLLM [6] used for sampling.

We compare structured BT against the default SFT and RLOO baselines at the corresponding training
stages. Evaluation is conducted on 50 prompts from the test split of countdown_tasks_3to4, with
16 rollouts per prompt. All generations use temperature 0.6, top-p 0.95, top-k 20, and a maximum
length of 1024 tokens. We report pass@1, pass@16, and the NO-ANSWER rate, defined as the
fraction of rollouts that exhaust the token budget without producing a final answer.

4.3 Results

4.3.1 Structured BT Performance

Table 1: Structured BT vs. default pipeline at the SFT and RLOO stages (50 test prompts, 16 rollouts
each).

Pass@1 Pass@16 NO-ANSWER Rate %

Default SFT 0.34 0.76 9.9
SFTBT 0.20 0.62 28.9

Default RLOO 0.56 0.76 25.9
RLOOBT 0.32 0.56 54.0

According to Table 1, structured BT underperforms the default pipeline at both stages, reaching
pass@1 0.20 after SFT against the default’s 0.34 and 0.32 after RLOO against the default’s 0.56.
Besides, both structured BT SFT and structured BT RLOO achieves a much higher pass probability
under multiple attempts than under a single attempt (+0.42 and +0.24). Such huge gap between
pass@1 and pass@16 indicates that the policy has large instability to commit to a correct solution.
Additionally, the NO-ANSWER rate after BT SFT is more than three-fold than the default SFT and
BT RLOO is more than double. Such extremely higher NO-ANSWER exposes one underlying failure
that BT drives the model to loop on backtracks and refuse to commit.

4.3.2 Failure Analysis

<state_0> [35, 61, 77]
... 61 - 35 = 26.
<state_1> [(61 - 35)=26, 77]
... 77 - (61 - 35) = 51.
<state_3> [(77 - (61 - 35))=51] <- should be <state_2>
... a dead end.
<state_2> <- bare token, no list
<state_2> [(61 - 35)=26, 77] <- index does not match
depth
[... the model keeps emitting state tokens with jumping

indices and missing lists, never converging ...]
<state_2> [(((52 + (26 + ...))=52)=19] <- incorrect
nesting
</think>
<answer> ((52 + (26 + (77 - (61 - 35)))))) </answer>

Figure 2: Structural collapse in a structured BT RLOO rollout on [35, 77, 61] → 19. The model
mislabels <state_3> where <state_2> is correct, emits bare state tokens without value lists, and
produces a malformed final expression evaluating to 52 instead of 19—imitating the grammar’s
appearance without maintaining its semantics.

While the model exhibits backtracking behavior, the deeper issue is that a 0.5B model cannot reliably
follow the state and backtrack structure. As shown in Figure 2, many trajectories appear well-formed
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at a glance but contain incorrect token numberings—a <state_K> whose index does not match the
number of operations applied. The model imitates the surface pattern of the grammar without tracking
the search depth it encodes. At this scale, the limited capacity is largely consumed by structural
bookkeeping rather than the arithmetic reasoning needed to solve the problem. The synthetic training
data compounds the issue: the dead-end branches that trigger backtracking are randomly injected
rather than strategically chosen, so the traces backtrack arbitrarily instead of reflecting the kind of
reasoning errors a model would naturally make. The model therefore learns to imitate an arbitrary
search structure rather than thoughtful problem-solving, and under RLOO it settles into backtracking
indefinitely without committing, which is why the NO-ANSWER rate roughly doubles. This indicates
that a small model’s capacity is better spent on high-quality, naturally reasoned traces than on a rigid
synthetic search grammar.

5 Targeted Failure Correction (FC)

5.1 Method

BT’s failure shows that restructuring the entire reasoning process exceeds a 0.5B model’s capacity
budget. We therefore pursue a lightweight alternative: Targeted Failure Correction (FC), which im-
proves reasoning robustness bottom-up by addressing specific failure modes one at a time. Analyzing
BT’s underperformance identifies three potential bottlenecks: arithmetic mistakes within the trace,
inconsistent commitment to correct solutions (wide gap between pass@1 and pass@16), and rambling.
As illustrated in Figure 3, FC applies an arithmetic process reward, rejection-sampling fine-tuning,
and preference optimization against rambling in sequence, with each stage warm-starting from the
previous checkpoint. Crucially, each stage trains on the model’s own natural-language rollouts from
the preceding stage, keeping capacity overhead minimal while preserving prior behavioral gains.

Figure 3: Targeted FC pipeline. Each stage warm-starts from the previous checkpoint and targets one
failure mode: arithmetic PRM reduces calculation errors, RFT consolidates single-attempt accuracy,
and anti-ramble IPO suppresses non-committal behavior.

5.1.1 Arithmetic Process Reward

To reduce arithmetic errors and their repetition during reasoning, we introduce a process reward that
penalizes them directly. We scan each rollout for binary arithmetic statements of the form aOP b = c,
recompute the result, and count two quantities:

• ntotal — the number of statements whose declared result is incorrect.
• nrep — the number of repeated occurrences of the same incorrect statement.

The penalty combines both counts with a cap to bound its magnitude:

penalty = ρntotal + γ nrep, PRM = −min(penalty, cap), (6)

with ρ = 0.1, γ = 0.2, and cap = 0.5. A single mistake incurs a penalty of −0.1; repeated mistakes
are penalized more heavily through γ; and the cap prevents a single noisy rollout from dominating the
gradient. This reward is a single sequence-level scalar added to the default RLOO outcome reward in
Equation (3), following the same augmented reward formula as Equation (5) but with the arithmetic
PRM in place of the structural PRM.
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5.1.2 Rejection-Sampling Fine-Tuning

The policy can solve many problems given multiple attempts but fails to commit reliably on the first
try. Rejection-sampling fine-tuning (RFT) [16] addresses this by retraining the policy on its own
successful rollouts, shifting probability mass toward solutions that already work.

For each training prompt x, we sample K rollouts from the current policy, retain those scored correct
by the task verifier, and select a subset as supervised targets:

DRFT =
{
(x, y) : y ∈ SelectN

(
{ y(k) ∼ π(· | x) : score(y(k)) = 1 }

)}
. (7)

We sample at high temperature (T = 1.0) and take SelectN to be the top-N distinct correct rollouts
chosen at random with no length preference (N = 5), preserving multiple genuinely different
reasoning paths per prompt. The policy is then fine-tuned on DRFT with the standard SFT objective.

Our procedure follows the original RFT recipe with three differences: we sample from the RL-trained
policy rather than the SFT model, determine distinctness by exact text rather than by intermediate
equations, and train on the filtered rollouts alone without the original SFT data.

5.1.3 Preference Optimization Against Rambling

Neither previous stage addresses rambling—long reasoning traces that never commit to an answer.
Because RFT only exposes the policy to correct examples, it teaches what to do but not what to
avoid. Suppressing rambling therefore requires a contrastive signal. We construct preference pairs
contrasting correct solutions against long, non-committal failures and train on them using IPO.

We sample 16 rollouts per training prompt at temperature 1.0 from the RFT model itself, which
serves as both the warm-start and IPO reference policy. Responses are partitioned into two pools:

chosen : score(y) = 1, rejected : score(y) ̸= 1 ∧ len(y) ≥ T. (8)

We set T = 1200 characters, a threshold that cleanly separates committed traces from rambling
ones: 95% of correct traces fall under 931 characters, while 90% of rambling failures exceed 1,695
characters. Each pool is deduplicated by exact text, capped at two rollouts per pool per prompt, and
paired index-by-index. Only prompts with at least one rollout in each pool are included, yielding
1,131 preference pairs.

5.2 Experimental Setup

Targeted FC experiments investigate sequential three-stage correction of targeted failure modes
in the Countdown task. In the first stage, we start from the default RLOO checkpoint and train
on countdown_tasks_3to4 using RLOO augmented with an arithmetic process reward for 100
steps. The RLOO hyperparameters follow the BT RLOO setup in Section 4.2. In the second stage,
RFT resumes from the Stage-1 checkpoint and samples 16 rollouts per prompt from the train split
of countdown_tasks_3to4, retaining the top-5 distinct correct rollouts for each prompt as new
training examples. We then fine-tune the Stage-1 checkpoint with SFT on this filtered dataset for
1 epoch, using a learning rate of 5 × 10−6, batch size 16, and gradient accumulation over 4 steps,
with the remaining optimizer settings matching the BT SFT setup in Section 4.2. In the third stage,
we construct anti-rambling preference pairs from rollouts of the RFT checkpoint as described in
Section 5.1.3 and train the model with IPO for 1 epoch, using β = 0.1 and the same optimizer
settings as RFT.

We use the same evaluation setting and hardware as the BT experiments (Section 4.2). Each stage
is benchmarked incrementally against the default RLOO checkpoint to isolate the contribution of
each intervention. In addition to pass@1, pass@16, and NO-ANSWER rate, we report the following
diagnostic metrics:

• Consistency gap: pass@16 − pass@1, measuring the gap between solution capability and
reliable execution.

• BAD-NUMS: the fraction of rollouts that use an invalid number set.
• WRONG-VAL: the fraction of rollouts that use valid numbers but produce an incorrect final

value.
• Arithmetic incidence: the fraction of rollouts containing at least one arithmetic error.
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• Arithmetic volume: the average number of arithmetic operations per rollout.
• Per-statement error rate: the ratio of incorrect arithmetic statements to total arithmetic

statements, measuring the density of arithmetic mistakes within reasoning traces.

5.3 Results

Table 2 reports all metrics for the three stages of the post-training pipeline benchmarked on the
default RLOO baseline. The complete sequence improves pass@1 from 0.56 to 0.62. Crucially, each
stage successfully mitigates its targeted failure mode while preserving the behavioral gains of the
preceding stages.

Table 2: Targeted FC results across the three stages, benchmarked against the default RLOO baseline
(50 test prompts, 16 rollouts each).

Default RLOO RLOOFC RFTFC IPOFC

Pass@1 0.56 0.56 0.60 0.62
Pass@16 0.76 0.76 0.74 0.74
Consistency Gap 0.20 0.20 0.14 0.12
NO-ANSWER Rate % 25.9 27.2 29.6 25.4
BAD-NUMS % 10.9 9.8 9.1 8.8
WRONG-VAL % 6.2 7.5 3.5 4.8

Arithmetic Incidence % 32.2 18.8 18.8 21.4
Arithmetic Volume (ops) 29.1 29.2 29.6 28.4
Arithmetic Error Rate % 3.04 0.98 1.03 1.40

5.3.1 Arithmetic process reward

Figure 4: Arithmetic mistakes per rollout across the targeted FC stages. The arithmetic PRM collapses
the heavy ≥3-mistake tail; this gain persists through subsequent RFT and IPO stages.

The process reward sharply improves arithmetic accuracy. As shown in Table 2, incidence falls from
32.2% to 18.8%, and the per-statement error rate drops threefold from 3.04% to 0.98%. Because the
overall volume of arithmetic remains constant at roughly 29 statements per rollout, we can confirm
that the model learns to make fewer mistakes rather than artificially avoiding math to hack the reward.
As shown in Figure 4, this intervention drastically reduces the number of rollouts with multiple
arithmetic mistakes, and the gains persist through the rest of the pipeline.

However, pass@1 and pass@16 remain essentially unchanged from the default RLOO model. The
reason is that arithmetic mistakes in the reasoning trace are largely decoupled from final-answer
correctness. Figure 5 shows that the model explores many candidate calculations during its search, and
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a wrong calculation on a branch it later abandons does not affect the expression it ultimately commits.
In the default RLOO model, 20% of correct rollouts still contain at least one arithmetic mistake, and
35% of all rollouts with a mistake are nonetheless correct. Since suppressing these mistakes produces
cleaner reasoning without changing which answer is committed, reducing arithmetic errors alone
cannot translate to better accuracy.

<think>
1. 35 - 3 = 32

84 - 35 = 49
84 - 3 = 71 <- wrong (=81)

[...]
3. 84 - 3 = 77 <- wrong (=81)

77 - 35 = 42
[... more attempts ...]
8. New approach:

84 / 3 = 28
28 + 35 = 63!

</think>
<answer> (84 / 3 + 35) </answer>

Figure 5: Arithmetic mistakes decoupled from answer correctness. This Default RLOO rollout on
[3, 35, 84] → 63 miscomputes 84 − 3 on exploratory branches yet commits (84/3) + 35 from a
separate valid path, reaching the correct target despite trace-level errors.

5.3.2 Rejection-sampling fine-tuning

Table 2 shows that RFT slightly improves performance stability with a smaller consistency gap, lifting
pass@1 to 0.60 while keeping pass@16 near its peak (0.74) and leaving the arithmetic gains intact
(per-statement error rate 1.03%). The improvement may be because sampling diverse correct traces
(T=1.0, N=5) provides the model with multiple reasoning paths for the same problem, encouraging
better reasoning generalization and thus higher answer accuracy and performance stability.

5.3.3 Preference optimization.

Table 2 shows that while the first two stages gradually raise the NO-ANSWER rate from the baseline
of 25.9% to 29.6%, the final preference optimization stage successfully suppresses rambling to
25.4%, dropping below the original baseline. This improvement pushes pass@1 to its highest value
of 0.62.

5.3.4 Failure Cases

Premature commit
(uses too few numbers):

<think>
1. First, get close to 82:
- 83 - 1 = 82
[...]
4. This works perfectly!
</think>
<answer>83 - 1</answer>

Hallucinated operand
(uses invalid numbers):

<think>
First attempt:
6 + 14 = 20
20 + 42 = 62 (too high)
[... reuses 20 below ...]
42 + 20 = 62
62 - 14 = 48
48 - 6 = 42 (This works!)
</think>
<answer>(42+20)-14-6</answer>

Missed near-solution
(fails to recover and stuck):

<think>
First attempt:
26 + 4 = 30 (too low)
26 - 4 = 22 (too low)
[... a few paths ...]
New approach:
26 + 4 = 30
30 + 2 = 32
32 + 11 would be too high
[... repeats this ~24x,
never revisiting
26 - 4 = 22 ...]

Wait, let’s try:
26 + 4 =

Figure 6: Three persistent failure modes after the full targeted FC pipeline. Left [83, 78, 1, 39] → 82:
premature commit using only two of four numbers. Middle [6, 14, 42] → 42: hallucinated operand
reusing the intermediate result 20=6+14. Right [26, 4, 2] → 44: missed near-solution, never
revisiting 26−4=22 despite (26−4)×2=44.

Figure 6 illustrates three failure modes that persist after the full pipeline. The first trajectory shows
a premature commit where the model reaches the target but fails to use all provided numbers. The
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second trajectory demonstrates a hallucinated operand, as the model invalidly reuses an intermediate
calculation as a given input. The third trajectory reveals a lack of structured backtracking: the model
fixates on a dead path and exhausts its token budget instead of revisiting promising earlier steps.
These cases highlight fundamental limits in the model’s reasoning and coherence at this scale that
post-training alone cannot overcome.

6 Discussion

Our two approaches yield contrasting outcomes: structured BT provides a negative result that
reveals capacity limitations, while targeted FC demonstrates that targeted sequential interventions
can improve reasoning. We discuss the limitations of each, persistent challenges, and broader
implications.

Limitations of structured BT. The synthetic backtracking data injects dead-end branches randomly,
which may produce traces too naive to provide useful training signal—the model learns to imitate an
arbitrary search structure rather than strategic problem-solving. Crafting more realistic dead ends
that resemble natural reasoning errors could help, but doing so is difficult without human assessment.
Furthermore, with only 1,000 synthetic training traces, the dataset may be too small for the model
to learn the underlying backtracking logic rather than merely memorizing the surface format. For
a 0.5B model, learning a structured search grammar while simultaneously performing arithmetic
reasoning may inherently exceed the capacity budget, which explains why BT consumed the majority
of our development time yet still underperformed. This failure underscores a cautionary lesson: the
overhead of structural approaches should be weighed against simpler alternatives, and a promising
future direction is to evaluate BT on larger models where the capacity cost is proportionally smaller.

Persistent failure modes after targeted FC. Although targeted FC improves accuracy by sequen-
tially targeting three identified bottlenecks, a persistent failure mode remains: the model misses
near-solutions and never revisits promising branches it briefly explored. This is precisely the kind of
failure that successful backtracking could address, highlighting the continued importance of recovery
ability in multi-step mathematical reasoning and suggesting that the goals of structured BT and
targeted FC are complementary.

Broader impact. Both structured BT and targeted FC are general-purpose approaches that could
apply to reasoning domains beyond mathematical tasks. Structured BT could enhance any task that
benefits from systematic search, such as combinatorial optimization or program synthesis. Targeted
FC for specific failure modes through process rewards and preference optimization could be adapted
to domains such as commonsense reasoning or multi-hop question answering.

7 Conclusion

We investigated two approaches to improving multi-step arithmetic reasoning in a 0.5B language
model on the Countdown task. Structured BT introduces special backtracking tokens with a rule-based
PRM that provides dense feedback on search quality. While the model exhibits backtracking behavior
after BT training, it underperforms the default baseline—the model learns the bookkeeping format
of state and backtrack tokens without acquiring genuine search logic. Analyzing this failure reveals
three concrete reasoning bottlenecks—arithmetic mistakes within the trace, inconsistent commitment
to correct solutions, and rambling that exhausts the token budget without answering—which targeted
FC addresses through a sequential pipeline of an arithmetic PRM, rejection-sampling fine-tuning,
and anti-rambling preference optimization. Targeted FC achieves pass@1 of 0.62 (+11% over the
RLOO baseline), cuts the consistency gap to 0.12, and reduces arithmetic error rates threefold.

Two insights emerge from this work. First, a small model’s limited capacity budget constrains what
post-training can achieve: BT’s structural grammar consumes capacity needed for reasoning itself,
while targeted FC’s lightweight sequential interventions succeed precisely because each stage adds
minimal overhead. This suggests that under capacity constraints, targeting specific failure modes one
at a time composes more effectively than monolithic structural changes or multi-objective reward
shaping. Second, arithmetic mistakes in the reasoning trace are largely decoupled from final-answer
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correctness; the accuracy gains come from consolidating correct solutions (RFT) and suppressing
non-committal behavior (IPO), not from cleaner arithmetic.

For future work, we identify two directions: (1) applying structured BT at larger model scales where
the capacity overhead of structural bookkeeping is proportionally smaller, and (2) replacing randomly
generated backtrack skeletons with high-quality, strategically chosen traces that better reflect natural
reasoning failures.

8 Team Contributions

• Eric Xia: Designed the extension pipeline and completed the proposal; implemented
structured BT, including synthetic SFT trace generation and context restoration during
sampling; implemented targeted FC, including rejection-sampling fine-tuning and preference
optimization; contributed to the final report.

• Christine Li: Implemented the default baselines (SFT, IPO, and RLOO) and completed the
milestone report; extended RLOO with process reward models for both structured BT and
targeted FC; contributed to the final report and created the poster.

Changes from Proposal. We completed the backtracking-based extension proposed initially,
referred to as structured BT in this report. Because structured BT underperformed and revealed
several failure modes, we developed an additional pipeline, targeted FC, that sequentially targets
specific failures through three correction stages.
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